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Abstract  
Aeroelastic phenomena can occur to many engineering structures. Current design trends are aimed to 

engineering solutions to aeroelastic phenomena. Reliable aeroelastic analysis tools are needed to reduce expensive 
and time consuming experimental tests. The doublet lattice method (DLM) is one of the most powerful tools for 
linear flutter analyses in subsonic regime. The doublet-lattice method is still used almost exclusively for subsonic 
flutter clearance of flight vehicle being designed today since the high cost and technical complications with non-
linear Computational Fluid Dynamics (CFD). This work are aimed to develop a computational program for 
calculation of steady aerodynamics force on general finite wing in incompressible regime.  The present method 
shows good results for the steady and incompressible flow. It has been found that the results of the generalized 
aerodynamic forces slightly depend on the number and position composition of boxes.  
Keywords: Aeroelastic, Aerodynamic force, Doublet Lattice Method 
 
Nomenclature 
 the amplitude function of the prescribed downwash  (ݕ,ݔ)ഥݓ
 matrix of aerodynamics influence coefficient   [ܥܫܣ]
 complex coefficients   ܤ,ܣ
 kernel function represents the contribution to downwash at field point (x,y)     ܭ
 Length of doublet filament   ܮ
ܷ  freestream velocity in the ݔ direction 
ܿ   chord 
݁   half of semispan  
 pressure  ݌
,ݔ ,ݕ ,ߦ  point of coordinate system  ߟ
 swept angle   ߉
 density  ߩ
߱  the circular frequency of oscillation 
 
1. INTRODUCTION  

Aircraft flutter is a destructive phenomenon that requires special attention in design process 
[1,2,3]. Lifting-surface theory methods have been developed for the application of lifting-surface theory 
to wings of various configurations: planar and nonplanar wings, one wing or several, and steady and 
unsteady flow [4,5,6]. The singular part of the loading is not influenced by boundary conditions because 
of the presence of the other edges of the wing. Multhop [7]and Wagner [8] described the basis of the 
lifting surface theory to calculate the local lift and pitching moment at a number of chordwise sections 
from a set of linear equations satisfying the downwash conditions at two pivotal points in each section. 

The Doublet-Lattice Method [9,10,11], has provided a robust approach for non-stationary 
aerodynamic prediction. An efficient state-of-the-art method called “Doublet Lattice” is described for 
calculating the aerodynamic loading on infinitely thin, harmonically oscillating airfoils in subsonic flow. 
The DLM offers a faster way of computing unsteady aerodynamic loads.  

The doublet-lattice method is still used almost exclusively for subsonic flutter clearance of flight 
vehicle being designed today since the high cost and technical complications with non-linear 
Computational Fluid Dynamics (CFD) [11]. 

This work are aimed to develop a computational program for calculation of steady aerodynamics 
force on general finite wing in incompressible regime. 
 
2. METHODOLOGY 
The methodology of this research are divided to become several step, such as:  
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Step 1: Define geometry of the wing  
The first process provides geometry and meshing of the wing. This tasks are required for analyze 

pressure distribution along the wing. It is the most critical for the success of the computation.  
Results of this step is identify the doublet filament and control point to determine next step  
Step 2: Aerodynamic Influence Coefficients (AIC)  

The method of Aerodynamic Influence Coefficients (AIC) yields fast and reliable estimates of 
aerodynamic forces. After set wing model, then begins with a set of baseline modes [12,13]. From these 
modes an aerodynamic base is calculated.  
Step 3: Downwash  

For a lifting wing, the air pressure on the top of the wing is lower than the pressure below the 
wing. Near the tips of the wing, the air is free to move from the region of high pressure into the region 
of low pressure. The wing tip vortices produce a downwash of air behind the wing which is very strong 
near the wing tips and decreases toward the wing root. The effective angle of attack of the wing is 
decreased by the flow induced by the downwash, giving an additional, downstream-facing, component 
to the aerodynamic force acting over the entire wing [14,15]. 
In this step, we compute downwash that reduce lift. This downwash may effect flight stability and 
deformed the wing.  
Step 4: pressure distribution of deformed wing  

These loads distribution cause the bending and twisting of the wing. These deformations also 
change the angle of attack and consequently change the aerodynamic flow. There is an interaction 
between the forces and the deflections until an equilibrium condition is reached.  
The interaction between the wing structural deflections and the aerodynamic loads determines the wing 
bending and twisting at each flight condition, and must be considered in order to model the static 
aeroelastic behavior [16,17].  
Step 5: generalized aerodynamic forces  

Aerodynamic forces in wing are used for analyze structure dynamics and stability. From these 
result, the effect of difference potential flow along upper and under thin wing can reduce lift and 
deformed the wing. 
 
3. DOUBLET-LATTICE METHOD 

The DL-method [9,10,11] is a lifting element method in which the infinitely thin lifting surfaces 
are divided into trapezoidal elements (panels). These elements are arranged in strips aligned with the 
direction of freestream. Each element contains a distribution of acceleration potential doublets, which 
is equivalent to a pressure jump across the surface. Each potential (pressure jump) is of oscillating yet 
unknown strength, concentrated at its ¼-chord line (lifting line). In addition each element possesses a 
control point (collocation point) in the middle of its ¾-chord line. The normal-wash introduced by all 
lifting lines is summed for each control point. Equalizing this to a prescribed normal-wash, as derived 
from the oscillatory behaviour of the lifting surface, leads to a set of algebraic equations. From these 
equations the strength of the lifting line and thus the pressure jump across the surface can be computed. 
Integration over the surface gives local and total aerodynamic force coefficients. 
This calculation is restricted to planar wings [9] ( ). We have upwash equation: 
 

      (1) 

       (2) 

 
The doublet-lattice method9 is an empirical device which simplifies the integration of the 

singular equation (2). The advantage gained by the doublet-lattice method is relative simplicity in the 
resulting computer program, especially for complex configurations. In figure 3-1,  
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Figure 3-1 A Rectangular Lattice 

 
Each filament is contained in its own box. The doublet filament is placed at the ¼ chord each 

box. The upwash  is evaluated at the ¾ chord midspan of each box. There is an empirical 
quality with the choice of the ¾ chord and ¼ chord. Albano and Rodden9 take the control point at the ¾ 
chord measured at the box midspan, as seen in fig. 3-2. The flow field generated by this lattice of 
doublets will not be smooth, especially near the wing surface. What is important is that the upwash at 
the 3/4 chord is approximately the same whether one has a constant strength doublet line at the 1/4 
chord. 

 
Figure 3-2 Local a box coordinates [11] 

 
3.1 Kernel function in planar wing 
The Kernel function [5,6,11] can be defined as  

       (3) 
Then, 

       (4)  

         (5) 

where 
           (6) 

                       (7)  

 can be abbreviated as: 

        (8) 

Where 
           (9)  

 
Lascha [18] provides the formula accurate approximation for , which is 

               (10) 

Substitute equation (10) into equation (9) to obtain an approximation of  
              (11) 

This formula is valid only for . Taking advantage of symmetry of integrand, for  can be 
defined as: 
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         (12) 
 
Where 

                    (13) 
                  (14) 

 
 is a complex function. It turns out that  can be approximated with a complex parabolic 

function of . 
                    (15) 

Where  and are complex coefficients.  
 The coordinate stands for at . 
 The coordinate stands for at  
 The coordinate stands for at .  
 
Equation (15) can be defined as 

 
                      (16)    
Thus, it can be identified that the coefficients in equation (16) as 

 

 

 
 
To determine , it is necessary to compute 

 

 

 
By substituted   in equation (16) into equation (2), and performing the integration, it is obtained 

 
                                           (19) 

 
For validation of the code is needed to consider the case of different values of Mach number (ܯ) and 
reduced frequency (݇). In this case, some result is given for the steady case (݇=0) and the incompressible 
case (0=ܯ). From the eq. (4) and (8), for case for the steady and the incompressible case, can be 
abbreviated as: 

                       (20) 
Then, 

                        (21) 

And,  
                                          (22) 

 
 
 

(17) 

(18) 
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3.2 Aerodynamic Influence Coefficients (AICs) 
Typical linear aeroelastic analysis using DLM evaluates complex-valued Aerodynamic Influence 
Coefficients (AICs). The method of Aerodynamic Influence Coefficients (AIC) yields fast and reliable 
estimates of aerodynamic forces and, because of this, is widely used in aeroelastic analysis applications. 
The AIC method begins with a set of baseline modes being obtained for the wing model. From these 
modes an aerodynamic base is calculated. 
The AIC method begins with a set of baseline modes being obtained for the wing model. From equation 
(19), the equation can be followed  

                                   (23) 

Which  
        (24) 

 
The definitions of  and  are given as 
 

 
 

 

 
 
When a flutter analysis has been completed, one must assure that the box resolution is adequate to 
capture the frequency of instability.  The required box density depends on a combination of wing 
deformation and the frequency of motion. It should be increased as the deformation becomes more 
spatially wavy and as the temporal frequency of motion increases.  
 
4. RESULTS AND DISCUSSIONS 
4.1 The Steady and incompressible flow 

The test cases for the computations with present method are at swept wing with 
, , , . This calculation is done with some variation of the number of 
boxes. From table 4-1, we can see with change the number of boxes in rows along x-axis and no change 
the number of boxes in columns along y-axis, lift coefficient increase. Contrary if the number of boxes 
in rows are less than in columns. Needs good combination of the number of boxes in rows and column 
to obtain good result 

 
Table 4-1. Computational result using present method for several sequence number of the boxes. 

 
Number 
Boxes 

Lift Coeff., 
Cl; 

2 x 5 3.2405 

4 x 5 3.3391 

8 x 5 3.4314 

8x10 3.2196 

10x12 3.2001 

 

(25) 



 

 
 

Figure 4-1. The swept wing with various number of the panel/boxes ( , , ) 
 

The geometries of the wing with mesh or the number of boxes can be seen in Figure. 4-1. This 
geometries show the wing mesh with a 45-deg leading-edge swept, an aspect ratio ܣR=1.5, a tape ratio 
 .with variation of the number of boxes 1.0−=ܷ/ݓ ,reduced frequency ݇=0, and downwash ,1/7=ߣ
Increasing the number of boxes is to obtain precisely result. 

 
Figure 4-2. The span load distribution for the swept wing, various number of the panel/boxes ( , 

, , , , ) 
 

From figure 4-2 shows the comparison the span load distribution for a swept wing with a 45-
deg leading-edge swept, an aspect ratio of 2, a taper ratio 1/7=ߣ, reduced frequency ݇=0, and downwash 
 for various the number of boxes for the steady and incompressible flow. The graphs decrease 1.0−=ܷ/ݓ ,
when the number of panel/boxes are increased. The trend of graph are slightly equal. 

The comparison of the pressure distribution for a swept wing for various the number of boxes 
for the steady and incompressible flow can be seen in figure 4-3. The graphs decrease when the number 
of panel/boxes are increased. 
 

 
 
Figure 4-3. The comparison of the pressure distribution  for the swept wing, real value, various number of the panels/boxes 

(Ʌ௅ா = ܴܣ ,݃݁݀	45 = ߣ ,1.5 = 1/7, ݇ = ܯ ,0 = ܷ/ݓ ,0 = −1.0) 
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We need to validate the present result, we compare this result with literature in reference [19]. 
Hedman [19] consider the wing surfaces divided in the chordwise and spanwise directions into panel or 
boxes. Hedman [19] simulate the panel load with a horseshoe vortex, and the boundary condition is 
fulfilled on every panel at one point. For each surface, the vertice and the control points are located on 
a wing chord plane. 
 

Table 4-1 The comparison of lift coefficient between the present method and Hedman [19] (the steady and 
incompressible flow)  

Number 
Boxes 

Lift Coeff., Cl; Lift Coeff., Cl; 
percentage 

present [Ref. 19] 

2 x 5 3.2405 3.2 1.27 

4 x 5 3.3391 3.2 4.35 

8 x 5 3.4314 3.2 7.23 

8x10 3.2196  0.61 

10x12 3.2001  0 

 
Table 4-1 shows comparison of coefficient lift between present method and Hedman [19] with 

various number of boxes or panel. From this Table, The Result are obtained from present method are 
increase when number of boxes are raise, contrary with result from Hedman [19] which are constant 
when the number of boxes in chordwise are raise. Thus, the result in the present method is equal with 
result from Hedman19, with more boxes. It is mean that to obtain slightly equal result, present method 
need more boxes than Hedman19 because present method use lower order computation than Hedman 
[19]. 
 
5. CONCLUSION 

The present method shows good results and accuracy with deviation less than 7.5 percentage 
for the steady and incompressible flow. It has been found that the results of the generalized forces 
slightly depend on the number of boxes.  The present method needs more boxes to obtain equal results. 
This is because the doublet lattice is a lower order method compared to the vortex lattice. 
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